Anisotropic superconducting strip in an oblique magnetic field 
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The critical state of a thin superconducting strip in an oblique applied magnetic field H a is 
analyzed without any restrictions on the dependence of the critical current density j c on the local 
magnetic induction B. In such a strip, j c is not constant across the thickness of the sample and 
differs from J c /d, where J c is the critical sheet current. It is shown that in contrast to the case 
of B-independent j c , the profiles H z (x) of the magnetic-field component perpendicular to the strip 
plane generally depend on the in-plane component H ax of the applied magnetic field H a , and on 
how H a is switched on. On the basis of this analysis, we explain how and under what conditions 
one can extract j c (B) from the magnetic-field profiles H z (x) measured by magneto-optical imaging 
or by Hall-sensor arrays at the upper surface of the strip. 

PACS numbers: 74.25.Qt, 74.25.Sv 



I. INTRODUCTION 

One of the methods for analyzing flux-line pinning in 
high-T c superconductor thin platelets is the measuring 
of magnetic-field profiles at the upper surface of these 
superconductors when they are placed in a perpendicu- 
lar external magnetic field; see, e.g., the recent review^ 
and references therein. These profiles enable one to re- 
construct the spatial distribution of the sheet currents J 
flowing in the samplei*2i2i2i£*§i2i (the sheet current J is 
the current density integrated over the thickness of the 
sample), and hence to extract some information on the 
critical currents in the superconductor^ The magnetic- 
field profiles are measured either with magneto-optical 
imaging fiSiiii or with Hall-sensor arrays i£ It is clear 
that the investigation of the profiles not only in a per- 
pendicular but also in an oblique magnetic field could, in 
principle, provide additional information on vortex pin- 
ning in thin flat superconductors. 

In this paper, to explain the main ideas, we shall con- 
sider a sample of the simplest shape: Let a thin super- 
conducting strip fill the space |x| < w, \y\ < oc, \z\ < d/2 
with d <C w. A constant and homogeneous external mag- 
netic field H a is applied in the x-z plane at an angle 9$ to 
the z axis (H ax = H a smd a , H ay = 0, H az = H a cos9 ). 
We also assume that there is no surface pinning, the 
thickness of the strip, d, exceeds the London penetration 
depth, and the lower critical field H c \ is sufficiently small 
so that we may put for the magnetic induction B = (IqH . 

In our recent paper^ a superconducting strip in an 
oblique magnetic field was analyzed in the framework of 
the Bean model (when the bulk critical current density 
j c is independent of the local magnetic induction B), and 
several interesting properties of the critical state for such 
"nonsymmetric" directions of H a were established. In 
particular, it was shown that the final critical state de- 
pends on how the applied magnetic field is switched on, 
e.g., at a constant tilt angle 9q, or first its z and then its x 
component, or vise versa. However, differences between 



these three critical states occur only in the central region 
of the strip where a flux- free core exists, i.e., where H z (x) 
at the surface of the strip is practically zero. Moreover, 
to leading order in the small parameter d/w, for all the 
scenarios the sheet current J{x) is the same in this region 
of the sample, and it coincides with the sheet current at 
H ax — 0. In the region of the strip where H z ^ 0, the 
sheet current is equal to its critical value J c = j c d and is 
also independent of H ax and of how H a is switched on. 
Thus, when the Bean model holds, the magnetic-field 
profiles depend only on H az , the differences between the 
states do not manifest themselves in the profiles^ and 
hence measurements of the H z profiles in inclined mag- 
netic fields do not provide new information on flux-line 
pinning. In this case, to find j c , it is sufficient to ex- 
tract the critical sheet current J c from the H z profiles at 
H a x = in the region with a nonzero H z and to use the 
relationship j c = J c /d. 

However, when the critical current density j c depends 
on B, e.g., on \B\ or on the angle between the local di- 
rection of B and the z axis or on both, the situation is 
different. In this case j c is not constant across the thick- 
ness of the strip since B and thus j c change with z in a 
strip of finite thickness, and the critical value of the sheet 
current J c is not simply j c d. In such cases the problem 
arises how to determine j c (B) from the magnetic-field 
profiles. In the present paper we address just this prob- 
lem. As it was shown in Ref. HH (see also below), at any 
dependence of j c on B the critical state problem for a thin 
strip of finite thickness can be reduced to the problem of 
an infinitely thin strip with some effective dependence 
of the critical sheet current J c on the z component of 
the local magnetic induction, /j,qH z . Thus, the problem 
can be formulated as the reconstruction of j c (B) from 
the measured J C (H Z ). This J C (H Z ) depends also on the 
applied H ax , and hence some additional information on 
flux line pinning can, in principle, be extracted from the 
H z profiles measured in an oblique magnetic field. 

In this paper, to provide a basis of treating the re- 
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construction problem, we first consider the critical-state 
problem for the superconducting strip in an oblique mag- 
netic field, without assuming any restrictions on the de- 
pendence jc(B). In contrast to the case of B-independent 
j c , critical states in such a strip depend on how the exter- 
nal magnetic field is switched on, not only in the region 
of the strip where the flux-free core occurs but also in 
the region penetrated by H z . In particular, the profiles 
H z (x) at the upper surface of the strip generally depend 
on H ax and on how H a is switched on. As an example, in 
this paper we in detail analyze the case when j c depends 
only on the angle 8 between the local direction of H and 
the z axis, j c — j c (#). Finally, we discuss the problem of 
the reconstruction of j c (B) from experimental magnetic- 
field profiles. 



II. CRITICAL STATE IN A THIN STRIP 

Let us consider the critical state in a thin strip with an 
arbitrary dependence j c (B). In the specific case H ax = 0, 
this problem was solved in Ref.lla. Here we generalize the 
approach of that paper to the case of an oblique magnetic 
field. We assume that the field H a increases monotoni- 
cally and imply that one of the following three scenarios 
occurs: In the first scenario the magnetic field increases 
under the condition (H ax /H az ) = tan^o = const. In 
the second scenario the field H az is switched on first and 
then one switches on H ax , while for the third scenario 
the sequence of switching on H ax and H az is opposite. 
The final magnetic field in all these cases is the same, 
H ax = H a sin 6» , H ay = 0, H az = H a cos6» . 

To the leading order in d/w, H z is independent of z 
inside the strip, and the Biot-Savart law gives 



H z {x) = H az + ±- f 
2vr J_ 



' J(v) dv 



(1) 



where the sheet current J is the current density j y inte- 
grated over the thickness of the strip, 



J(x) 



d/2 



d/2 



j v (x, z)dz. 



When H a increases, the penetration of the z component 
of the magnetic field into the superconducting strip is 
found from the following equations: One has 



J(x) 



;Jc[H z (x)} 



(2) 



in the regions of the strip where H z changes as compared 
to the previous state that existed at H a — SH a , while in 
the regions where the sheet current is less than its critical 
value J c [H z (x)], H z remains unchanged, 



SH z (x) = 0. 



(3) 



In the simplest case, Eq. holds in the two regions 
a < \x\ < w where H z differs from zero, while in the 



central region \x\ < a, one has 



H z = 0. 



(4) 



These equations, in fact, describe the critical state prob- 
lem for an infinitely thin strip with some effective de- 
pendence of the critical sheet current J c on H z . The 
point x = a where H z vanishes [or in the general case 
the boundaries separating regions of validity of Eqs. (J2J 
and is found by solving Eqs. Q-®. 

The function J C (H Z ) can be found as follows: 15 Taking 
into account that in a thin strip the critical state gradi- 
ent of the magnetic field develops predominantly across 
the thickness of the sample, we can write the equation 
rotH = j in the form 



dH x (x,z) 
dz 



— jy( x , z), 



(5) 



neglecting the derivative dH z (x, z)/dx. This approxima- 
tion is true to the leading order in d/w. Here j y (x, z) = 
±j c (H x , H z ) is the current density in the critical state. 
Solving Eq. (JSJ , one finds a relation that determines the 
function J C (H Z ) implicitly, 



d = 



dh 



H~ 3c(h,H z ) 



(6) 



where H~ = H ax - 0.5 J C (H Z ), and H+ = H ax + 
0.5J C (H Z ) are the x component of the magnetic field 
at the lower and the upper surfaces of the strip, 
H x (x,±d/2). The function J C (H Z ) found from Eq. © 
generally depends on the parameter H ax , and only within 
the simple Bean model when j c is independent of H, 
equation 10 yields J c = j c d for any H ax . At H ax — 0, 
formula © coincides with formula (12) of Ref. 15. 

In the regions of the strip where |J| < J c , either the 
flux-free core occurs, or there is a boundary which is al- 
most parallel to the strip plane and at which the criti- 
cal current density j y {x,z) changes its sign; see below. 
Knowing J(x) and using Eq. JSJ, one can calculate the 
shape of the flux- free core and this boundary, i.e., one 
can find the critical state across the thickness of the strip. 
The sign of j y above and below the boundary, as well as 
the sign on the right hand side of Eq. (J2J, follows from 
the prehistory of the critical stated 



III. j c DEPENDS ONLY ON THE DIRECTION 
OF H 



Anisotropic pinning is typical of anisotropic supercon- 
ducting materials, and it occurs in many superconduc- 
tors. Only for the case of weak collective pinning by 
point defects is the critical current density j c indepen- 
dent of the magnetic induction in the so-called single 
vortex pinning regime or does it depend on B z in the 
small bundle pinning regime. 1 '' In this case J c = j c d, 
and j c can be directly found from the critical value of 
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the measured sheet current J c . However, anisotropy of 
pinning in an anisotropic material is likely if the defects 
cannot be considered as point pinning centers or if the 
pinning is not weak. Anisotropic pinning also occurs in 
layered superconductors >i£ Besides this, it is clear that 
any extended defects, e.g., twin boundaries or columnar 
defects, lead to an anisotropy of pinning even in isotropic 
materials. 

Let us consider the case when j c depends only on 9, 
jc = 3c(9), where 9 is the angle between the local direc- 
tion of H and the z axis. In other words, we neglect a 
possible dependence of j c on \H\ here. When the char- 
acteristic scale Hq of the \H\ dependence considerably 
exceeds the characteristic field in the critical state of the 
strip, j c d, this approximation is well justified since one 
has j c (9, \H\) ss j c (9,0) in such a strip. Hence, this ap- 
proximation is quite reasonable for not too thick sam- 
ples with d <C Ho/j c . On the other hand, if j c depends 
on 9 and \H\ separately rather than on the combination 
\H\cos9, one cannot neglect the angular dependence of 
j c even in thin samples since the characteristic angles 9 
in the strip are of the order of j c d/H z and essentially 
change at H z ~ j c d. 

In the case j c = j c {&) with the symmetry j c {—0) = 
j c {0), one can reconstruct the dependence of the critical 
current density j c on 9 from the function J C {H Z ) obtained 
at H ax — 0. Indeed, differentiating Eq. J§} with respect 
to H z , we have at H ax — 0m^ 



j c {9)d = J C {H Z ) - H, 
tan 9 



dJ c (H z ) 
dH z 
J C {H Z 

~ 1H Z 



(7) 



These formulas give the dependence j c (&) m parametric 
form, with H z being the parameter. Inserting this para- 
metric form of j c (0) into Eq. |JBJ, we arrive at equations 
determining J C {H Z ) at H ax ^ 0, 



0.5J c (H z ,H ax ) + H a 
H z 

\0.5J c (H z ,H ax )-H a3 



Jc(t+,0) 
2t + 

Je(t-,0) 



H z 



2t_ 



1 



1 

2tl 



2t_' 



(8) 



where a is the sign of [0.5 J C (H Z , H ax )-H ax ], J C (H Z , H ax ) 
denotes J C (H Z ) at a given value of H ax , and hence J c (t, 0) 
is the sheet current at H ax — 0. Note that at H ax = one 
has t+ = t- = H z , and Eqs. (JSJ reduce to J c = J c (H z ,0) 
as it should be. From the three Eqs. © for the three un- 
known variables J C (H Z , H ax ), t +1 1_ (t + and f_ are auxil- 
iary variables that do not appear in the final results) one 
finds J C {H Z ) at H ax The magnetic field profiles in 

oblique applied field are then obtained by inserting this 
effective law J C (H Z , H ax ) into Eqs. JIJ- Q, and by solv- 
ing these integral equations by either a static iterative 
method, or more conveniently by a dynamic method^ 
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FIG. 1: Angular dependence of the critical current density 
j c (0), Eq. 11UII . (dashed lines) for p = 1, q = 4 (top, the 
maximum of j c is at 6 — it/2) and for p = —0.5, q = 0.5 
(bottom, the maximum of j c is at 6 = 0). The solid lines 
show the corresponding sheet currents J C (H Z ) at H a x = 0, 
Eq. ©, and at H ax = 0.3, 0.5, 1, 2, 5 from Eqs. ©, ©. The 
current density is measured in units of j c (0) , while J c and H z 
are in units of j c (0)d. 



We now consider typical examples of the dependence 
j c {0)- Let at H ax = the following dependence J C (H Z ) 
be extracted from some experimental magneto-optics 
data: 



J C (H Z ) = J c (H z ,0) = j c (0)d 



1 + p exp 



qHz 



(9) 



where H cr = j c (0)d/2, while j c (0) and the dimensionless 
p and q are constants [j c (0) and q > 0]. Using Eqs. J7J, 
one can easily verify that the corresponding angular de- 
pendence of the critical current density takes the form: 



3o{0) =ic(0) [l+p(l + gi)exp(-gt)] , 
tan 9 = i -1 [1 +p exp(— qt)] , 



(10) 



where t is a curve parameter with range < t < oo 
equivalent to n/2 > 9 > 0. This dependence j c (9) is 
presented in Fig. ^ together with the function J(H Z ) 1 
Eq. @. Note that the character of this dependence j c (9) 
is typical of layered high-T c superconductors when p > 
and of superconductors with columnar defects when p < 
0. Using Eqs. JHJ) and 0, we find the dependences of J c 
on H z for H ax ^ 0, Fig. ^ We consider now H z profiles 
for various types of pinning and for the different scenarios 
of switching on H a . 
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FIG. 2: Spatial profiles of the perpendicular field component 
H z (x) (upper plot) and of the sheet current J(x) (lower plot) 
of a thin strip with anisotropic pinning described by model 
HUH with p = 1, q = 4, see Fig. 1. H ax is switched on first 
and then H az (third scenario) . The various curves correspond 
to increasing applied field H az = 0.2, 0.6, 1.2. The magnetic 
fields and the sheet current J are in units of j c (0)d. The dot- 
ted, dashed, dot-dashed, and solid curves are for H ax = 0, 0.5, 
1, and 2, respectively. For comparison, the solid curves with 
dots (indicating the grid) show the profiles for isotropic pin- 
ning [p = 0). The dotted lines also correspond to the opposite 
sequence of switching on H az and H ax (second scenario). 



A. Layered superconductors, p > 



with increasing H ax . Hence, if J(x) were equal to its 
critical value J c [H z (x)], the penetration depth of the ap- 
plied field H az would decrease as compared tow-a for 
the dotted lines of Fig. 2, and flux lines near the points 
x = ±<z would have to move against the Lorenz forces 
directed towards the center of the strip, which is impos- 
sible. Thus, for the second scenario the sheet current is 
less than its critical value for all points x. This means 
that although the fully penetrated critical state develops 
across the thickness of the strip in the regions penetrated 
by H z , there is a boundary z = z c (x) at which the critical 
current density j y (x,z) changes its sign, Fig. |3J and so 
the magnitude of sheet current | Jj is less than J c . It fol- 
lows from Eq. JSJ that the boundary z c (x) is determined 
by the formula, 



2z c (x) 



HZ 



dh 



h- jc(h,H z 



(11) 



where H~ = H ax — 0.5J(x), and H + = H ax + 0.5 J(x) are 
the x component of the magnetic field at the lower and 
the upper surfaces of the strip at the point x, while the 
sheet current J(x) coincides with J c [H z (x)] calculated at 
H ax = 0, i.e., J(x) — — (x/\x\) J c [H z (x), 0]. Inserting the 
parametric form of j c (0), Eq. (J7J), into Eq. ifTTjl. we arrive 
at the following equations for z c : 

0.5J C {H Z ,0) + H ax = J c (u+,0) 
H z 2u+ ' 

\0.5J C (H Z ,0) - H ax \ J c (u_,0) 



2u- 



2z c {x) sgn(x)H z ( 1 1 
— = Y <J — 

a 2 \ u+ u- 



(12) 



Here it+ and u_ are auxiliary variables; a is the sign of 
[0.5 J C (H Z , 0) — H ax ]; H z — H z {x) is the magnetic-field 
profile at H ax — 0, and sgn(x) = ±1 for x > and x < 0, 
respectively. 

For the first scenario of switching on H a when H az and 
H ax increase simultaneously, the magnetic-field profiles 
calculated for the same final values of H az and H ax as 
in Fig. |21 coincide with the profiles for the third scenario 
shown in this figure. 



For layered superconductors (p > 0), we begin our 
analysis with the third scenario when H ax is switched on 
first and then H az is applied. Appropriate magnetic-field 
profiles obtained with Eqs. QJ, ©, (@J and J c (H z ,H ax ) 
of Fig. 1 are shown in Fig. [2 Note that for the third sce- 
nario one has |J| = J c at any point x where H z (x) ^ 0, 
and the penetration depth of H z into the strip, w — a, 
depends on H ax . Another situation occurs when H ax 
and H az are switched on in the opposite sequence (the 
second scenario). After switching on H az , the magnetic- 
field profiles are given by the dotted lines in Fig. 2. The 
subsequent increase of H ax does not change either J{x) 
or H z (x) iSi Indeed, as seen from Fig. 1, J C (H Z ) increases 



B. Superconductors with columnar defects, p < 

Consider now a superconductor with columnar defects 
directed along the z axis. To model the sheet current 
J(H Z ) in such superconductors, one can use Eq. © with 
p < 0, Fig. 1. In Fig. 0] we present the appropriate 
magnetic-field profiles. Note that these profiles coincide 
for the three scenarios of switching on H a (neglecting the 
effect of flux creep which can be different for different sce- 
narios). However, the profiles and the penetration depth 
of H z depend on H ax . When H ax increases, the profiles 
tend to those of superconductors without columnar de- 
fects [it is evident from Fig. 1 that pinning without these 
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FIG. 3: Current fronts and flux-free core in a thin strip with 
anisotropic pinning described by model 1101 with p = 1, q = 4. 
The perpendicular magnetic field H az — 0.6 is applied first 
and then the in-plane component H ax is increased from zero 
to Hax = 0.5, 1, 2, 20 (second scenario). At \x\ < a = 0.339uj, 
the flux-free core and the lines separating the regions of the 
strip with opposite directions of currents are plotted, using 21 
the results of Ref. Ha. The new boundary z = z c (x) which 
occurs at a < \x\ < w is calculated from Eqs. 112H . This 
boundary remains practically unchanged when H ax > 8. The 
magnetic fields are measured in units of j c (0)d. 
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FIG. 4: Spatial profiles of the perpendicular field component 
H z (x) (upper plot) and of the sheet current J(x) (lower plot) 
of a thin strip with anisotropic pinning described by model 
11011 with p = —0.5, q = 0.5, see Fig. 1. The various curves 
correspond to increasing applied field H az — 0.2, 0.6. The 
magnetic fields and the sheet current J are in units of j c (0)ri. 
The dotted, dashed, dot-dashed, and solid curves are for 
H ax = 0, 0.24, 0.35, and 0.6, respectively. At any H ax > 0.6 
the profiles practically coincide with those at H ax = 0.6, while 
at H ax < 0.2 the profiles are very close to that at H ax = 0. 
The profiles at H ax — 0.6 also almost coincide with the pro- 
files for isotropic pinning with j c (9) — j c (ir/2) (solid curves 
with dots indicating the used grid). The profiles H z (x) and 
J(x) coincide for the three scenarios of switching on H a - 



defects is implied to be isotropic and to be described by 
the Bean model with constant j c (0) — Jc(""/2)]. The 
change of the profiles occurs in a rather narrow interval 
of H ax . This result can be understood from the follow- 
ing simple considerations: Although the columnar defects 
increase pinning in the strip, this increase occurs mainly 
when the angle 9 of a flux line does not exceed the so- 
called trapping angle 9 t . 17 It is this 8t that determines 
the width of the peak in j c (9) caused by the defects. 
When H ax increases, the characteristic tilt of the flux 
lines in the strip, H ax /H z , also increases, and when the 
tilt exceeds 9 tl pinning by the columnar defects becomes 
ineffective. 



IV. HOW TO RECONSTRUCT j c FROM H z {x) 

We now discuss the problem of the reconstruction of 
ic(H) from experimental magnetic-field profiles. Various 
procedures were elaboratecU'2iMi5i£iL£ which enable one 
to extract the spatial distribution of the sheet current 
J from an experimental H z profile measured at the up- 
per surface of a thin flat superconductor. In particular, 
for the case of the strip, equation Q can be explicitly 
inverted^ 

JW _2 rsM^(4z4) 1,2 dv . (13) 



G 



Eliminating x from H z (x) and J(x) (in the region of a 
nonzero H z ), one can find the function J C (H Z ) from ex- 
perimental data; see, e.g., Ref. 0. 

If the extracted J C (H Z ) rj const., this means that the 
Bean model is valid, and j c = J c /d. It is this formula 
that is commonly used to find j c in experiments. How- 
ever, this simple approach in general is not correct when 
J c depends on H z . It is necessary to distinguish between 
two situations. For the case of weak collective pinning by 
point defects in the small bundle pinning regime, j c de- 
pends only on the combination \H\ cos 6 — H Z £L Then, 
the critical current density is constant across the thick- 
ness of the strip, and one still has 



3c(H z 



Jc(H z 



(14) 



i.e., the usual formula is valid. On the other hand, when 
j c depends on and \H\ separately, and when to the 
first approximation one can assume that j c = j c (9) (see 
Sec. Ill), formulas J7J| should be used to reconstruct the 
j c (#) from J C (H Z ) obtained at H ax = 0. In order to 
distinguish between these two situations, i.e., to choose 
between formulas J7J and (|14() , one can use the magnetic 
field profiles obtained in oblique magnetic fields. 

When j c = j c (H z ), the magnetic-field profiles in 
oblique magnetic fields depend only on H az and are the 
same for any scenario of switching on H a . On the other 
hand, the results of Sec. Ill show that another situation 
occurs when j c is not only a function of H z . In this case 
the penetration depth of H z depends on H ax . Moreover, 
different scenarios can lead to different profiles H z (x) . 

When the magnetic-field profiles in oblique magnetic 
fields show that the dependence j c = j c (H z ) cannot ex- 
plain the experimental data, one can apply formulas (JJJ 
to extract j c {&) from the H z profiles at H ax = 0. If the 
sample is not too thick, j c d < Ho, where Hq is the char- 
acteristic scale of the |i?|-dependence of j c , the extracted 
j c {9) approximately gives j c {0,H — 0). For thicker sam- 
ples the obtained j c {0) can be considered as a first step 
in determining j c (8, \H\). Calculating then the magnetic 
field profiles in oblique fields and comparing them with 
appropriate experimental data, one can verify the as- 
sumption j c = jc(0) (i.e., the fulfilment of j c d < Hq) 
for the superconductor under study. If this assump- 
tion does not lead to a good agreement with the data 
in oblique magnetic fields, one should supplement the 
obtained j c (9) with some \H\ dependence. We empha- 
size that since the function J C (H Z , H ax ) extracted from 
the magnetic-field profiles in oblique magnetic fields, de- 
pends on two variables H z and H ax , this function, in 
principle, enables one to determine j c {@, \H\) depending 
on two variables, too. However, in this determination one 
should first assume some model of the H-dependence of 
j c and then calculate J C (H Z , H ax ) from Eq. ©; see, e.g., 



Appendix A. On the other hand, when j c d < Hq, formu- 
las J7J give the model-independent j c (0, 0) directly from 
the experimental data. 

Acknowledgments 

This work was supported by the German Israeli Re- 
search Grant Agreement (GIF) No G-705-50. 14/01. 



APPENDIX A: j c DEPENDS ON 9 AND H z 

Here we present some formulas for reconstruction of 
ic(H) when the simplest form j c — j c {&) cannot suf- 
ficiently well describe the experimental magnetic-field 
profiles in perpendicular and oblique magnetic fields. 
We assume that j c (H) can be presented in the form: 
j c (H) = j c {6) I f(H z ) where the function f(H z ) takes into 
account a possible dependence of j c on \H\. 22 

Let the functions J c (H z ,0) = J C (H Z ) and J c {H z ,H ax ) 
be extracted from the magnetic-field profiles obtained 
for the perpendicular and oblique magnetic fields, see 
Eq. 113|) . In other words, these functions are assumed to 
be known here. Then, repeating the analysis of Eq. © 
in Sec. Ill, we arrive at the equations: 



j c (9)d= [Jc{H z )-H z - 



Hf(H z )} 



d J c (H z ) \ H z f(H z ) 
dH z J F(H Z ) 
MH Z 



tan 6 = 



H, 



du 



2H Z 
F(u) 1 
u 2 u 



, (Al) 



that generalize the parametric representation of j c {&), 
Eqs. J7J. Here the function F(H Z ) is determined by the 
formula: 



1 



F(Hz) 



1 1 
h a 

2t + 2t_ 



(A2) 



where a is the sign of [0.5J C {H Z , H ax ) — H ax ], and t + , f_ 
are found from the two uncoupled equations, 



0.5J c {H z ,H ax ) + H ax = J e ft + ,0) 

H z 2t+ : 

\0.5J c (H z ,H ax )-H ax \ Jc(t-,0) 

H 7 2t_ ' 



(A3) 



When F(H Z ) = H z , one has f(H z ) = 1, and Eqs. (|AT) 
reduce to Eq. J7J). Note that the function F(H Z ) obtained 
from Eqs. l)A2|l . (|A3(I has to be practically independent 
of H ax for our assumption j c (H) = j c {0)/f(H z ) to be 
justified. 
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H z (x), causing decay of J and thus deeper penetration of 
H z into the sample. However, these changes cannot mask 
the difference between the H z profiles for the second and 
third scenarios since this difference is of opposite sign, see 
Fig- 2. 

The formulas of Ref. [Lj can describe the critical state of 
the strip in the core region |x| < a even for the case j c = 
j c (d) since the flux lines are practically parallel to the strip 
plane there and 9 « 7r/2. Hence, it is sufficient to put 
jc = Jc(t/2) in the formulas of Ref. Fill and to use J(x) 
obtained numerically from the solution of the critical state 
problem for the infinitely thin strip with the appropriate 
Jc{H z ). 

It is clear that a function of 9 and \H\ can be represented 
as a function of 9 and H z = |_H"|cos#. However, the es- 
sential assumption is that j c (9, H z ) is a product of factors 
depending on 9 and H z . 



